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, Abstract. We give necessary and sufScient conditions for the left projcctivity 

pi i' and biprojcctivity of Banach algebras defined by locally trivial continuous fields of 

, Banach algebras. We identify projective C*-algebras A defined by locally trivial 

continuous fields U = {il, {At)tea, 0} such that each C*-algebra At has a strictly 
positive element. For a commutative C*-algebra T) contained in B{H), where H 
is a separable Hilbert space, we show that the condition of left projectivity of 2? 
. is equivalent to the existence of a strictly positive element in X> and so to the 

' spectrum of I? being a Lindelof space. 

a 

1. Introduction 

The study of projective, injective and flat modules over Banach algebras and 
operator algebras has attracted quite a number mathematicians. Some recent papers 
1^ . on the projectivity and injectivity of Banach modules and on their applications are 

I O m [HI [TJ [161 [2H1 [211 [22]. The identification of projective algebras and projective 

closed ideals of Banach algebras, besides being of independent interest, is closely 
connected to continuous Hochschild cohomology. One of the main methods for 
(3 '. computing cohomology groups is to construct projective or injective resolutions of 

the corresponding module and the algebra. In this paper we consider the question 
of the left projectivity and biprojectivity of some Banach algebras A and we give 
applications to the second continuous Hochschild cohomology group 'H'^{A,X) of A 
^ ! and to the strong splittability of singular extensions of A. 

I This paper concerns those C*-algebras of continuous fields that are left projective. 

The basic examples of C*-algebras defined by continuous fields are the following: the 
C*-algebra Co{Q,A) of the constant field over a Hausdorff locally compact space Q 
defined by a C*-algebra A, and the direct sum of the C*-algebras {Ax)x^a, where 
A has the discrete topology. Continuous fields of C*-algebras were found useful 
in the characterisation of exactness and nuclearity of C*-algebras [18]. As to the 
left projectivity of C*-algebras, the following results are known. All C*-algebras 
with strictly positive elements are left and right projective, and so all separable 
C*-algebras are hereditarily projective, see [2T1 Theorem 2.5] and fL9[ Theorem 
1]. No infinite-dimensional 74py*-algebra is hereditarily projective [191 [SO]- Thus 
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any infinite-dimensional von Neumann algebra is not hereditarily projective. Recall 
that a Banach algebra A is hereditarily projective if every closed left ideal of A is 
projective in the category of left Banach ^-modules. A complete description of 
hereditarily projective commutative C*-algebras C{Q) as algebras having a heredi- 
tarily paracompact spectrum is given in [11]. It is quite difficult to get a complete 
description of left projective noncommutative C*-algebras because of the richness 
of C*-algebras. On the other hand, very broad classes of C*-algebras can be ob- 
tained as C*-algebras defined by continuous fields of very simple C*-algebras. For 
example, by [101 Theorems 10.5.2 and 10.5.4], there exists a canonical bijective cor- 
respondence between the liminal C*-algebras with Hausdorff spectrum Q and the 
continuous fields of non-zero elementary C*-algebras over Q. 

In this paper we identify left projective C*-algebras A defined by locally trivial 
continuous fields h( = {Q, {At)t£Q,Q} where the topological dimension dimf2 < £ 
and each At has a strictly positive element (Theorem 16. 15p . We prove also that, for 
a commutative C*-algebra V = Cq{Q) for which Q has countable Suslin number, 
the condition of left projectivity is equivalent to the existence of a strictly positive 
element (Theorem 16. 2p . but not to the separability of V (Example 16. 6p . 

In Section [2] we recall the classical definition of a continuous field of Banach 
and C*-algebras [TUj Chapter 10]. We also recall notation and terminology used 
in topology and in the homological theory of Banach algebras. In Section E] we 
prove that if U = {fl, {At)t£n,Q} is a locally trivial continuous field of Banach 
algebras such that the Banach algebra A defined by U is projective in ^-mod (mod- 
A, v4-mod-v4), then the Banach algebras A^, x & Q, are uniformly left (right, 
bi-)projective. In Section |4] we consider the situation that f2 is a disjoint union 
of a family of open subsets {IV^}, /i G A^, of f2. In this case we say that U = 
{fl, {At)t^Q, 9} is a disjoint union ofU\wf,, G A^. We show that if A is defined by 
such a U, then the left projectivity of A implies that Q is paracompact. In Section 
|S] we prove that biprojectivity of the Banach algebra A defined by a locally trivial 
continuous field of Banach algebras implies that Q is discrete. We give a description 
of contractible Banach algebras defined by locally trivial continuous fields of Banach 
algebras. In Section [6] we give six different criteria for a commutative C*-algebra 
contained in B{H), where if is a separable Hilbert space, to be left projective 
(Corollory 16. 4p . In the noncommutative case we also show that, for a Hausdorff 
locally compact space Q with dimf2 < i, for some £ G N, and for a locally trivial 
continuous field U = {fl, (A)ter2! ©} of C*-algebras At, t E Q, with strictly positive 
elements, the following conditions are equivalent: (i) Q is paracompact and (ii) A 
defined by U is left projective and W is a disjoint union of a-locally trivial continuous 
fields of C*-algebras (Theorem I6.15p . 



2. Definitions and notation 

We recall some notation and terminology used in topology [9] and in the homo- 
logical theory of Banach algebras |12] . 
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For any Banach algebra A, not necessarily unital, A+ is the Banach algebra 
obtained by adjoining an identity e to A. We denote the projective tensor product 
of Banach spaces by ®. The category of left Banach ^-modules is denoted by A- 
mod, the category of right Banach ^-modules is denoted by mod-^ and the category 
of Banach ^-bimodules is denoted by ^-mod-^. 

A Banach ^-bimodule X is right annihilator ii X ■ A = {x ■ a : a & A, x G 
X} = {0}. For a Banach space we will denote by E* the dual space of E. For a 
Banach ^-bimodule X, X* is the Banach ^-bimodule dual to X with the module 
multiplications given by 

(a ■ = f{x ■ a), (/ ■ a){x) = f{a ■ x) {aeA,feX\xe X). 

Let JC be one of the above categories of Banach modules and morphisms. If 
X, Y are objects of /C, the Banach space of morphisms from X to F is denoted by 
hjc{X,Y). A module P in /C is called projective in JC if, for each module Y in K, 
and each epimorphism of modules (f G hic(Y, P) such that (p has a right inverse as a 
morphism of Banach spaces, there exists a morphism ip G hic{P, Y) which is a right 
inverse of (f. 

In the category of left Banach ^-modules, let X be a left Banach .4-module 
and let us consider the canonical morphism nx '■ A+^X X : a ® x ^ a ■ x. 
Then X is projective if and only if there is a morphism of left Banach ^-modules 
p : X — )• ^+®X such that nx ° P = idx- Throughout the paper id denotes the 
identity operator. We say that a Banach algebra A is left (right) projective if it is 
projective in the category of left (right) Banach ^-modules. Every unital Banach 
algebra is left and right projective. We say that a Banach algebra A is biprojective 
if it is a projective Banach ^-bimodule. 

We say that the Banach algebras A^, x E fl, are uniformly left projective if, for 
every x G fi, there is a morphism of left Banach ^^.-modules 

PA, : {A^)+®A^ 

such that tta, o p^^ = id^, and sup^gj^ IIpaJI < oo. 

For a Banach algebra A and a Banach ^-bimodule X, we define an n-cochain to 
be a bounded n-linear operator from ^ x ■ ■ ■ x .4 into X and we denote the space 
of n-cochains by C"'{A,X). For n = the space C^{A,X) is defined to be X. Let 
us consider the standard cohomological complex 

C'iA, X) A ... ^ X) A X) ^ . . . , {C^iA, X)) 

where the coboundary operator 5" is defined by 

((5"/)(ai, a„+i) = fli ■ /(a2, a„+i) + 
Zir=i(~l)*/(«i, OiOi+i, a„+i) + On) ■ On+l- 

The nth cohomology group of the standard cohomology complex C""{A, X), denoted 
by T-L"'{A, X), is called the nth continuous Hochschild cohomology group of A with 
coefficients in X (see, for example, [2] or [121 Definition 1.3.2]). It is a complete 
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seminormed space. Definitions and results on the strong and algebraic splittings of 
extensions of Banach algebras can be found in [1] . 

For a Banach algebra A and for a subset F of a left Banach ^-module X, AY 
is the linear span of the set ^ ■ F = {a ■ y : a G A,y G Y} and AY is the 
closure of AY. For a Banach algebra A with bounded approximate identity, by an 
extension of the Cohen factorization theorem, for every left Banach ^-module X, 
AX = AX = A- X = {a-x : a e A,x e X} 

Let B he a commutative C*-algebra and let / be a closed ideal of B. In view 
of [lOl 1.4.1], B is isomorphic to the C*-algebra Co{B) of continuous functions on 
B vanishing at infinity. Here B is the space of characters of B with the relative 
weak-* topology from the dual space of B, called the spectrum of B. We recall 
[23] that the spectrum of a closed ideal / of S is homeomorphic to the open set 
I = {t E 13 : x(t) ^ for some x G /}. 

Let r2 be a topological space, and let n be a positive integer. We recall that 
the order (or multiplicity) of a cover W of f2 is the maximum number n such that 
every x G is covered by no more than n elements of W. For a normal topological 
space Q, we say that the topological dimension of Q is less than or equal to n if 
the following condition is satisfied: every locally finite open cover of Q possesses an 
open locally finite refinement of order n (Dowker's Theorem [9l Theorem 7.2.4]). 
We write dimfi < n. 

The C*-algebra of all complex nxn matrices is denoted by M„(C). For a Hilbert 
space H, B{H) and K,{H) will denote the C*-algebras of all continuous and all 
compact linear operators on H respectively. 

2.1. Continuous fields of Banach and C*-aIgebras. We shall use the classical 
definition of a continuous field of Banach or C*-algebras over a locally compact 
Hausdorff space Vt [lOl Chapter 10]. 

Let f2 be a topological space, and let {Et)tm be a family of Banach spaces. Every 
element of J^^^^i^^, that is, every function x defined on Vt such that x{t) G Et for 
each t G fi, is called a vector field over Vt. 

Definition 2.1. [lOl Definitions 10.1.2 and 10.3.1] A continuous field U of Banach 
algebras {C*-algehras) is a triple U = {Q, {At)ten,Q} where Q is a locally compact 
Hausdorff space, {At)t(^n is a family of Banach algebras {C*-algebras) and G is an 
(involutive) subalgebra ofY\t(zQ,At such that 

(i) for every t eVL, the set of x(t) for x G 9 is dense in At; 

(ii) for every x G 6, the function t — >■ ||x(t)|| is continuous on Q; 

(iii) whenever x G Ylten ^* ^'^^j Z^'" every t G and every e > 0, there is an 
x' G 6 such that \\x{t) — x'(t)|| < s throughout some neighbourhood oft, it 
follows that X G 6. 

The elements of Q are called the continuous vector fields ofU. 
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Definition 2.2. fiU\ Definitions 10.1.3 and 10.3.1] Let fl be a locally compact Haus- 
dorjf space, and let 

W = {f],(A)t6n,e} and W = {Q,{A[\^n,Q'} 

be two continuous fields of Banach algebras {C* -algebras) overQ. An isomorphism of 
U ontoW is a family cf) = {(f)t)ten such that each (pt is an isometric (*-) isomorphism 
of Banach algebras At onto A[ and transforms G into O'. 

Definition 2.3. ^ 10.1.6 and 10.1.7] Let U = {n, {At)ten,Q} be a continuous 
field of Banach algebras over a locally compact Hausdorff space VL. Let F C f2 and 
tQ eY . A vector field x over Y is said to be continuous at to if, for every e > 0, 
there is an x' E Q such that \\x{t) — x'{t)\\ < e throughout some neighbourhood of 
to- A vector field x is said to be continuous on Y if it is continuous at every point 
ofY. 

Let Q\y be the set of continuous vector fields over Y . It is immediate that 
{y, (At)fgy, G|y} is a continuous field of Banach algebras over Y, which is called 
the field induced by U on Y , and which is denoted by U\y- 

Example 2.4. [lOl Example 10.1.4] Let A be a Banach algebra (C*-algebra), let 
Q he a. locally compact Hausdorff space, and let G be the (involutive) algebra of 
continuous mappings of Q into A. For every t E Q, put At = A. Then U = 
{Q, {At)t£n, G} is a continuous field of Banach algebras (C*-algebras) over fl, called 
the constant field over Q defined by A. A field isomorphic to a constant field is 
said to be trivial. If every point of Q possesses a neighbourhood V such that U\v is 
trivial, then U is said to be locally trivial ([TDl 10.1.8]). 

Example 2.5. [lOl Example 10.1.5] If Q is discrete in Definition 12.11 then Axioms 
(i) and (iii) imply that G must be equal to fl^gj^ A^. 

Definition 2.6. [10], Definition 10.4.1] Let U = {^l, {At)t(zfi,Q} be a continuous 
field of Banach algebras (C* -algebras) over a locally compact Hausdorff space Q. 
Let A be the set of x E Q such that \\x{t)\\ vanishes at infinity on Q. Then A with 
\\x\\ = snpt^Q ^ Banach algebra (C* -algebra) which we call the Banach 

algebra (C*-algebra) defined by U, or the algebra of sections of U, or the continuous 
bundle Banach algebra (C*-algebra) . 

In this paper we shall use the notation W = {Vt, At, G} instead oilA = {VL, {At)teVL, G}. 
Let U = {Q, At, G} be a continuous field of Banach algebras (C*-algebras) over Q, 
and let A be defined by U. Then, for every t E Q, the map Tt : A ^ At : a ^ a(t) is 
a Banach algebra homomorphism with dense image (*-epimorphism) and ||ra;|| < 1. 
We will also consider Tt^ : A+ — ?■ : a + Ae H- a(t) + Xct where e and Ct are the 

adjoined identities to A and At respectively. 

3. Necessary conditions for left projectivity of Banach algebras 

OF continuous fields 

The next statement is well-known. 
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Lemma 3.1. Let A be a Banach algebra such that A 7^ {0} and is projective in 
^-mod or in mod-^. Then A^ 7^ {0}. 

Proof. We shall prove the statement for A in the case that A is left projective. 
Since A is left projective, there exists a morphism of left Banach ^-modules p : 
A — )> A+^A such that 7r_4 o p = id_4, where tt^ : A+®A — t- ^ is the canonical 
morphism. By assumption, A 7^ {0} and so there exists non-zero element a & A. 
Suppose A"^ = {0}; thus the element of A is trivial and p(a^) = 0. 
By [271 Theorem 3.6.4], the element p(a) from A+i^A can be written as 

00 

p(a) = \i (aiC + tti) ® hi, for some Aj, ai E C, a^, hi E A, 
1=1 

where J2ili < 00 and the sequences {aiC + Oj}, {hi} converge to zero in A+ and 
^ as z — 00. Thus the equality vr^ o p = id^^ implies 

T^A o P(«) = a^O 

and, because A^ = {0}, 

(00 \ / 00 \ 00 

Ai {aiC + Oi) (g) 6i I = I ^ Xi {aiC + ai)hi | = ^ XiaA. 
i=i J \i=i J 1=1 

Note that p is a morphism of left Banach .4-modules; thus 

(00 \ 00 

Xi {ait + ai) ®hi \ = Xi (ajC + aa^) ® hi. 
1=1 / i=l 

Then, since = {0}, we have 

00 / 00 \ 

p(a^) = Xi aia ® &i = a ® | XiUihi j = a (g> a 7^ 0. 

j=l \i=l / 

This contradicts p(a^) = 0. Therefore, 7^ {0}. □ 

Proposition 3.2. [121 Proposition IV.2.8] Let k : A ^ B be a Banach algebra ho- 
momorphism with dense image. Suppose A has a right bounded approximate identity 
Cy, u E K, and A is left projective, that is, there is a morphism of left Banach A- 
modules 

Pa- A^ A® A 

such that 7r_4 o p_4 = id_4. Then there is a morphism of left Banach B -modules 

pB-B^ B®B 

such that ttb o Pb = id^ and \\pb\\ < ll'^PllPylll s^Pi^ ll^iyll, and, in particular, the 
Banach algebra B is left projective. 
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Proposition 3.3. Let Q be a locally compact Hausdorff space, let U = {Q, A^, 6} 

be a continuous field of Banach algebras, and let A be defined by U. Suppose A is 
projective in ^-mod (mod-A, A-mod-A) and has a right (left, two-sided) bounded 
approximate identity. Then the Banach algebras A^, x & Q, are uniformly left (right, 
bi- jprojective. 

Proof. For every x E Q, r^j. : A ^ A^ is a Banach algebra homomorphism with 
dense image and ||rx.|| < 1. By Proposition 13.21 there is a morphism of left Banach 
743;-modules 

Pa, : A.^ -> A^§A^ 

such that tta^ o Pa^ = id^, and \\pa^\\ < \\pa\\ sup^ \\eu\\. Therefore the left projec- 
tivity of A implies the uniform left projectivity of the Banach algebras A^, x E Q. 
A similar proof works for right- and bi- projectivity. □ 

Corollary 3.4. LetU = {Q, A^, 0} be a continuous field of C* -algebras over a locally 
compact Hausdorff space Vt, and let the C*-algebra A be defined by U. Suppose A 
is projective in ^-mod fmod-^, ^-mod-^^. Then the C* -algebras A^, x E VL, are 
uniformly left (right, bi-) projective. 

Hence, for the Banach algebra A defined by a continuous field U = {Q, At,Q}, 
Proposition 13.31 shows that, under the condition of the existence of a bounded ap- 
proximate identity in A, the projectivity of A implies the uniform projectivity of 
the Banach algebras A^, x E fl. In the next proposition we will show that, for the 
Banach algebra A defined by a locally trivial continuous field U = {Q, At, 0}, we do 
not need the condition of the existence of a bounded approximate identity in A to 
get the uniform projectivity of the Banach algebras A^, x E Q, from the projectivity 
of A. 

Lemma 3.5. Let Q be a locally compact Hausdorff space, let U = {Q, At, 0} be a 
locally trivial continuous field of Banach algebras Ax, and let the Banach algebra A 
be defined by lA. For every a.y G Ay there is a E A such that a{y) = ay. 

Proof. By (TTJ Theorem 5.17], Q is regular and, by [HI Theorem 3.3.1], is a Ty- 
chonoff space. By assumption, U is locally trivial and so, for each y E Q, there are 
open neighbourhoods Vy and Uy of y such that Vy C Uy, U\uy is trivial and Vy is 
relatively compact. For each y e f2, fix a continuous function fy E Co{Q) such that 
< fy < I, fy{y) = 1 and fy\Q\Uy = 0. Let cf) = {(t>x)xeUy be an isomorphism of 
V(\uy onto the trivial continuous field of Banach algebras over Uy where, for each 
y E Q, 4>x is an isometric isomorphism of Banach algebras. For an arbitrary element 
Qy E Ay, define a field a to be equal to a{x) = fy{x){(f)~^ o (f)y)(ay), x E fl. By 
Property (iv) of Definition 12.11 and [TOl Proposition 10.1.9], the field a is continuous 
and a G 0. Since ||a(x)|| — )■ as x — oo, we have a E A. □ 

Proposition 3.6. Let Q be a locally compact Hausdorff space, let U = {Q,At,Q} 
be a locally trivial continuous field of Banach algebras, and let the Banach algebra 
A be defined by U. Suppose A is projective in ^-mod (mod-A, ^-mod-^^. Then 
the Banach algebras Ax, x E Vt, are uniformly left (right, bi-) projective. 
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Proof. We shall prove the statement for any A which is left projective. Since A is 
left projective, there exists a morphism of left Banach ^-modules p : A ^ A-^-^A 
such that ita° P = ^^A- 

By assumption, U is locally trivial and so, for each y & Q, there are open neigh- 
bourhoods Vy and Uy of y such that Vy C Uy,U\uy is trivial and Vy is relatively com- 
pact. For each y G f2, fix a continuous function fy G Cq^Q) such that < fy < 1, 
fyiy) = 1 and fy\n\Uy = 0. Let = {(j)x)x&Uy be an isomorphism of l(\uy onto the 
trivial continuous field of Banach algebras over Uy where, for each y & Q, (p^ is 
an isometric isomorphism of Banach algebras. As in Lemma 13. 5[ for an arbitrary 
element Qy G Ay, we define a G ^ to be equal to a{x) = fy{x){(f>~^ o (j)y)(ay), x G fl. 
We consider a map 

Py : Ay > Ay^(S)Ay 

ay I > {ry^®ry)p{fy4>~\^y{ay))). 

It is easy to check that py is a bounded linear operator and 

\\py\\ = sup \\{Ty^ ®ry)pify<P~\M(^y))\\ < IkjHlPlI = IIpII- 

ll"yll<l 

We shall show that px is a morphism of Banach left Ax-Tnodules. Since p is a 
morphism of Banach left ^-modules, for all ax,bx G Ax, we have 

Px{axhx) = {tx+ ® rx)p{fx(p~^(px{axbx)) 

1 

= ax{Tx+ ® r^)p{f-x(t)~^<px{hx)) 

1 

= {tx+ O r^)p(/x0~Vx(ax)/x 0"Vx(&x)) 
= a.x{rx+ ® r^)p{fx<P~^<Px{bx)) 
= axPxipx). 

For all ax & Ax, 

(vta, o Px)(ax) = t^aA{'^x+ ® Tx)p{fx4>~^4>x{ax))) 

= TxilTA O p)ifx(p~^(px{ax)) 

= rx{fx(l)~^4>x{a'x)) = ax. 

Thus Px is a morphism of Banach left yla.-modules such that ir^^ ° Px = id^i^ and 
IIPxII ^ IIpII- Therefore the Banach algebras A^^, x G fi, are uniformly left projective. 

□ 

Proposition 3.7. Let Q be a locally compact Hausdorff space, and letU = {Q, At, 0} 
be either 

(a) a continuous field of Banach algebras such that A defined by U has a right 
bounded approximate identity; or 

(b) a locally trivial continuous field of Banach algebras. 

Suppose also that the Banach algebras A^, x G Q, are not uniformly left (right) 
projective. Then 
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(i) there exists a Banach A-bimodule X such that 'H'^{A,X) ^ {0}; and 

(ii) there exists a strongly unsplittable singular extension of the Banach algebra A. 

Proof. By Proposition 13.31 in case (a) and by Proposition 13.61 in case (b), A is not 
left projective. By [121 Proposition IV. 2. 10(1)], a Banach algebra A is left projective 
if and only if 'H'^{A,X) = {0} for any right annihilator Banach ^-bimodule X. By 
[15] or [121 Theorem I.l.lO], for a Banach Abimodule X, n^{A,X) = {0} if and 
only if all the singular extensions of ^ by X split strongly. □ 

Lemma 3.8. Let Q be a locally compact Hausdorff space, let U = {Q, At, G} be 
a locally trivial continuous field of non-zero Banach algebras, and let the Banach 
algebra A be defined by U. Suppose A is projective in ^-mod or in mod-^. Then 
for each x G VL, Al ^ {0}. 

Proof. It follows from Lemma 13.11 and Proposition 13.61 □ 

Example 3.9. Let be N with the discrete topology. Consider a continuous field 
of Banach algebras U = {N, At, YlteN ^t) where At is the Banach algebra it of 
t-tuples of complex numbers x = {xi, . . . ,Xt) with pointwise multiplication and the 
norm ||x|| = (X]!=i kiP)^. Let A be defined by U. 

It is easy to see that, for each t G N, the algebra At is biprojective. For example, 
define 

Pt : i't — > 

t 

{xi...xt) I — y^Xkc'' ^e'', 
k=i 

where e'^ = (0, . . . , 1, 0, . . . , 0) G £^ with 1 in the k-th place. One can check that pt 
is a morphism of Banach £j -bimodules such that vr^t o Pt = id^a . 

Note that the algebra At has the identity 6^2 = (1, . . . , 1) and ||e^2|| = y/t. Thus 

SUPigN l|e£2|| = oo. 

We will show that the algebra A is not left projective. In view of Proposition 13.61 
it is enough to show that the Banach algebras Af, t G N, are not uniformly left 
projective. 

We shall estimate \\pt\\, t G N, from below, where pt is an arbitrary morphism 
Pt : if — ^ ^t^'^t '^^ Banach left £^-modules which provides left projectivity of if. 
For every element & if, 

Pt{e^) = e^pt{e^) = ® 

for some z^ G if such that e^z^ = e^, since tI(2 o pt = id^2. 

We consider the bounded bilinear functional V : if x if — > C defined by 
:i ^kUk-i x-iU ^ if- Then, by the universality property of the projective 
tensor product, the equation V{x®y) = V{x, y) uniquely defines a continuous linear 
functional V : if^if — > C such that ||r|| = ||V||=l. Note that the value of V on 
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the element 



IS 



Pt 



k=l 




* 1 



k=l 



Thus, for each t G N, we have 
log(t) < 




Hence 



\Pt\\ > 



log(t) 



— > oo 



{l^k=i W) 

as t — )■ oo. Therefore the Banach algebras At, t G N, are not uniformly left projective 
and A is not left projective. 

By Proposition 13.71 there exists a Banach ^-bimodule X such that 'H'^{A,X) ^ 
{0}, and there exists a strongly unsplittable singular extension of the Banach algebra 
A. 

4. Topological properties of for left projegtive Banagh algebras 

OF gontinuous fields over 

In [m Theorem 4] Helemskii proved that a closed ideal of a commutative C*- 
algebra A is projective in ^-mod if and only if its spectrum is paracompact. In this 
section we consider a a-locally trivial continuous field of (not necessarily commmu- 
tative) Banach algebras U = {Q, A^, 0} and prove that the left projectivity of the 
Banach algebra A defined by U implies paracompactness of Q. 

Definition 4.1. A Hausdorff topological space Vt is said to he paracompact if every 
open cover of Q has an open locally finite refinement that is also a cover ofQ. 

Proposition 4.2. Let Q be a Hausdorff locally compact space, let U = {Q,At,Q} 
be a locally trivial continuous field of Banach algebras, and let the Banach algebra 
A be defined by U. For each element v G A® A, the function 

F^-.nxn — ^ R 

satisfies the following conditions: 

(i) -Fj, is a positive continuous function on Q x Q; 

(ii) Fy{s, t) — as t oo uniformly for s & fl, 

(iii) t) as s — 7- oo uniformly for t E fl, 

(iv) // there is a morphism of left Banach A-modules p : A ^ A+§)A such that 
7Ta° P = id^; then, for a E A^, Fp(a)(s, s) > ||a(s)|| for every s E il. 
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Proof. By [271 Theorem 3.6.4], every element v G A^A can be written as 

oo 

u = ^ Ai Oi (g) bi, 

i=l 

where Aj G C, ai,bi G A, X^i^i < ^ the sequences {aj}, converge to 
zero in ^ as z — )■ oo and so the sequences {aj},{fej} are bounded. Therefore, we 
have 

oo 

(4.1) F,{s,t) = l|(r,®n)(y)|U^§^, = II J] A, a,(s)®&,(t)|U^g^^. 

1=1 

(i) By assumption, U is locally trivial and so, for each (so,to) G x fi, there is 
an open neighbourhood Us^ x V^^ of (so,to) such that l^lu^^ and W|vt^ are trivial. 
Let (j) = {(l)s)seUsg and ip = {ipt)teVtg be isomorphisms ofU\u^g andW|yj^ respectively 
onto the trivial continuous fields of Banach algebras over Usq and Vt^ where (ps and 
ipt are isometric isomorphisms of Banach algebras Ag = As^ , s G t/so ? and At = At^ , 
t G 1^0, respectively. 

Then, for every e > 0, there exists G N such that Yl'i^N+i l-^^l Ikillll^ill < 
and there is an open neighbourhood Bg^ x c Usf, x of (so,to) such that for 
all (s, t) G X 

11(0.0 ®^to)(^^o ®no)(^) - (0. ® rO(t;)b,o§i,^ 

oo 

= II ^ A, (0(ai)(so) ® V^(&i)(to) - 0(«i)(s) ® V^(&0 W) llA.„gi,, 

i=l 

oo 

<2 \M MWH 

i=N+l 
N 

+ II 5^ Ai {(p{di){so) ® ^A(6i)(^o) - (p{a^){so) ® V^(&0 W) IU.„§^„ 

i=l 
N 

+ II I] A, (0(a,)(so) ® V^(S.)W - <p{a^){s)^i>ib,){t)) \\a,^^^a,^ 

i=l 



(l>iai){s)\\i < e, 



< 2 ^ |Ai| ||ai||||6i| 



i=N+l 
N 



+ 5^1 Ail \\a.i\\\\i'{h){to) - 



i=l 

N 



+ Y^\M \\h\\U{ai){so) - 



i=l 
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where = aklus^, and bk = bklvt^ for k = 1,2, ... . Hence 

Wi^l^so ^ ^to){Tso ® n,){v)\\x§,, - \\i(j)s ^ A){rs ® Tt){v) 



< e. 



< e. 



Since, for each x & Q, (px and ipx are isometric isomorphisms of Banach algebras we 
have 

Therefore is a positive continuous function on ^2 x ^2. 
(ii) and (iii). By fl4.ip . we have 

oo oo 

(4.2) F,{s,t) = il^A, ai(s)®6,(t)||^^g^^ < |Ai| ||ai(s) |UJ|6, 

i=l 1=1 

Recall that l^il < and the sequences {aj}, converge to zero in A as 

i oo and so the sequences {aj}, {hi} are bounded. Hence for every e > 0, there 
exists G N such that 

oo 

|Ai| ||ai||||6i|| < e/2 

i=N+l 

and a compact subset i^' of such that, for all t G ^2 \ K, 

(4.3) supF„(s,t) = sup II V|Ai| ||ai||||6i(t)|UJ +e/2 < e. 

Therefore Fy{s,t) — as t — )■ oo uniformly for s E Q. Similar one can show that 
Fy{s, t) — )■ as s — oo uniformly for t G fi. 

(iv). Suppose there is a morphism of left Banach ^-modules p : A ^ A+^A such 
that vr^ o p = id^. Then, for a G A'^, p{a) G A®A. Note that, for every s G f2, 

71.1, ((t-s ® r,)p{a)) = a{s). 

Thus, for every s G fi, 

Fp(a){s,s) = II (r, ®r,)p(a) II ^^g^^ 

> lkA,((T-s®r,)p(a))|| = ||a(s)||. 

□ 

We will need the following notions. Let be a Hausdorff locally compact space, 
and let U = {Q, At, B} be a continuous field of Banach algebras. For any condition 
r, we say that U locally satisfies condition T if, for every t G fi, there exists an open 
neighbourhood V oi t such that U\v satisfies condition F. 

By [IZl Theorem 5.17], a Hausdorff locally compact space is regular. Therefore if 
U locally satisfies a condition F on f2 then there is an open cover {Uf^}, p G Ai, of 
Q such that each U\u^ satisfies the condition F and, in addition, there is an open 
cover {Vu} of such that V^, C U^^^) for each u and some fi{iy) G A^. 
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Definition 4.3. We say that U a-locally (n-locally) satisfies a condition T if there 
is an open cover {f/^}, /i G M., of Q such that eachU\u satisfies the condition T 
and, in addition, there is a countable (cardinality n, respectively) open cover {Vj} 
of Vt such that Vj C for each j and some fi{j) G A^. 

Remark 4.4. Let f2 be a Hausdorff locally compact space, and let U = {Q, At, 0} be 
a continuous field of Banach algebras which locally satisfies a condition F. Suppose 
Q is (T-compact (compact) and Qq is an open subset of Q. Then ti\uno '^"locally 
(n-locally for some n G N, respectively) satisfies the condition F. 

Definition 4.5. Let Q be a disjoint union of a family of open subsets {IV^}, /i G Ai, 
of Q. We say that lA = {fl, At, 6} is a disjoint union of , fi E Ai. 

Remark 4.6. Let f2 be a paracompact Hausdorff locally compact space, and let 
U = {Q, At, 6} be a continuous field of Banach algebras which locally satisfies a 
condition F. By [9l Theorem 5.1.27 and Problem 3.8.C(b)], the space Q is the 
disjoint union of open-closed cr-compacts G^, /i G A^, of f2. Suppose Qq is an open 
subset of fl. Then U\ng is a disjoint union of Ulc^nUo^ n E M., a- locally satisfying 
the condition F. 

Theorem 4.7. Let Q be a Hausdorff locally compact space, let U = {Q,At,Q} 
be a disjoint union of a -locally trivial continuous fields U\w^, A* G Ai, of Banach 
algebras, and let the Banach algebra A be defined by lA. Suppose that A is left or 
right projective. Then VL is paracompact. 

Proof. By assumption, f2 is a disjoint union of the family of open subsets {W^}, 
11 G M., of VL. Let us prove that paracompactness of all W^, fi G A4, implies 
paracompactness of ^2. Suppose, for every E Ai, is paracompact. Let V = 
{Va} be an arbitrary open cover of Vt. For each /i G Ai, the family = {V fl IV^ : 

G V} is an open cover of W^. Since is paracompact, has an open locally 
finite refinement A/)x that is also a cover of W^. Hence V has an open locally finite 
refinement A" = U^gxA/"^ of Q. Therefore Q is paracompact. 

Let us choose fi E A4 and show that is paracompact. By assumption, U\wf, is 
a (T-locally trivial continuous field. By Definition 14.31 there is an open cover {Ua} of 
such that each U\u^ is locally trivial and, in addition, there is a countable open 
cover {V^} of such that Vj C Ua{j) for each j. 

Lemma 4.8. The paracompactness of all Vj fl H^^, j G N, implies paracompactness 
ofW,. 

Proof. Let B be an arbitrary open cover of W^. For each j G N, the family Bj = 
{B n Vj n Wf, : B e B} is an open cover of Vj fl W^. By assumption, Vj fl 
is paracompact and so Bj has an open locally finite refinement Vj that is also a 
cover of Vj fl W^. The family of open subsets Vj = {D H Vj : D E Vj} is locally 
finite in and is a refinement of B. Furthermore, since VF^ = IJjgN family 
eN^i is an open cr-locally finite cover of VF^. By [TTl Theorem 5.28], is 
paracompact. □ 
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Therefore to prove Theorem 14.71 it is enough to show that, for every /i G and 
j G N, the topological space Vj fl PV^ is paracompact. 

Since A is left projective, there exists a morphism of left Banach ^-modules 
p : A ^ A+<^A such that tt^ o p = id^. 

Recall that l^\ua{j) is locally trivial and Vj C Ua(j)- By Lemma 13.81 there are 
continuous vector fields x and y on Ua{j) such that p{t) = x{t)y{t) ^ for every 



By O Theorem 3.3.1], is a Tychonoff space and so, for every s E Vj C Ua{j), 
there is fs G Co(fi) such that < < 1, /^(s) = 1 and fs(t) = for all t G 
Q \ Ua{j)- By Property (iv) of Definition 12.11 and [TOl Proposition 10. L9], the field 
fp is continuous and — )■ as t — oo, we have fp G A. For every 
s E Vj G Ua{j) and t G ^2, we set 



where the function F is defined in Proposition 14. 2[ 
Lemma 4.9. The function $ zs we// defined. 

Proof. Recall that p is a morphism of left Banach ^-modules. Thus, for every 
s EVj (Z Ua(j) and every fs,gs e Co{Q) such that < < 1, /^(s) = g^is) = 1 
and fs(t) = gs{t) = for all t G \ Ua(j), we have, for t G fi. 



Proof Let (sq, to) e (V^- n PV^) x 1] and G Co(fi) such that < /,„ < 1, /,„(so) = 
1 and fso (t) = for alH G r2 \ Ua{j) ■ Consider a neighbourhood V = U x Q oi the 
point (so,to) where U = {s eVj (IW^ : fso{s) ^ 0}. Then, for {s,t) G V, 



^Pifsp)is,t) = \\{rs®Tt)p{fsP)\\A,§At 



= \\{rs ® Tt)p{y/g;^/Ts xy)\\A,^At 




□ 




1 



® p)\\A,§At 
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Hence $ is the ratio of two continuous functions oiaV,so it is continuous at (sq, to)- 

□ 

Lemma 4.11. For every compact K G VjH W^, the function t) — )■ as t — )■ cxd 
in Q uniformly for s E K . 

Proof. By [9], Theorem 3.1.7], since f2 is a Tychonoff space, for a compact subset 
K C {VjO W^) C Q and for a closed subset Q \ Ua{j) C Q\K, there is fx e Co{Q) 
such that < /x < 1, fxis) = 1 for all s G -ft' and fxit) = for alH G \ Ua{j). 
Note that fxp G A. 

By Proposition 14. 2[ the function Fp(^f^ p){s,t) — )■ as t — ?■ oo in f2 uniformly for 
s G n. Thus the function t) = Fp(^f^p){s, t) on K xVLC [Vj fl W^) x Vt tends to 
as t — )■ oo in r2 uniformly for s E K. □ 

Now let us complete the proof of Theorem \A.l\ For (s, t) G (V^- fl IV^) x {Vj fl IV^) , 
we set 

E{s,t) = ^{s,t)/Us)\\. _ 

By Proposition 1121 E{s,s) > 1 for every s e Vj D W^. For G (Vj H PV^) x 

{Vj n ly^) , we also set 

t) = min{E(s, t); 1} min{E(t, s); 1}. 
By Lemmas 14.91 14. 10] and WAA\ the function G{s,t) has the following properties: 

(i) G is a positive continuous function on (Vj fl W^) x (V,- fi W^) ; 

(ii) for any compact K C Vj D W^,, G{s,t) — )■ as t -^■ oo uniformly for s G -fC 
and t) — )■ as s — oo uniformly for t G K, 

(iii) (7(5,5) = 1. 

By [111 Theorem A. 12, Appendix A], VjCiW^ is paracompact. By Lemma 14781 {W^m) 
is paracompact. Recall that is a disjoint union of the family of open subsets { W^}, 
/i G A^. Thus Q is paracompact too. □ 

Theorem 4.12. Let Q be a Hausdorff locally compact space, let U = {Q, At, 6} be 
a locally trivial continuous field of Banach algebras, and let the Banach algebra A 
be defined by U. Suppose that A is left or right projective and there is a continuous 
field p G 0^ such that p{t) ^ for all t E Q and supj,gQ IIpI-s)!! < oo. Then Q is 
paracompact. 

Proof. We may assume that ||p(s)|| = 1 for all s E Q. By [9l Theorem 3.3.1], is a 
Tychonoff space and so, for every s E fl, there is fs G Co{fl) such that < < 1, 
fs{s) = 1. By _pl Proposition 10.1.9 (ii)], for every / G Co(fi) such that < /, < 1, 
the field fpE 0^. Since /(t) — )■ as t — oo, we have also fp E A^. For every s eVL 
and t G fi, we set 

$(s,t) = Fp(j,p)(s,t) 
where the function F is defined in Proposition 14. 2[ 

Lemma 4.13. The function $ is well defined. 
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Proof. Recall that p is a morphism of left Banach ^-modules. Since y/J^p G A^, it 
can be written as 



^sP = lim 52 Xk.Vk,- 



V 



Thus, for every s G and every js-,gs G Co(f2) such that < fs-,9s < 1, Js{,s) = 
Qsis) = 1, we have, for t G fi, 

= II lim Xk^Ts ® rt)p{ykMAs^At 
= ||(t-s ® rt)p(7^p)||^^g^^ 

= \\{Ts®Tt)p{gs P)\\A,§>At = ^P(9.P)(*'^)- 

Therefore $ does not depend on the choice of Z^. □ 

Lemma 4.14. The function ^ is a continuous function on Q x Q. 

Proof. Let (so,to) E fl x Q and fs^ G Co(fi) such that < /sp < 1 and fsoi^o) = 1- 
Consider a neighbourhood = f/ x f2 of the point (so,to) where ?7 = {s G f2 : 
7^ 0}. Then, as in Lemma 14.101 for (s,t) G V^, 

Hence $ is the ratio of two continuous functions on V, so it is continuous at (sq, to)- 

□ 

Lemma 4.15. For every compact K G Q, the function $(s,t) as t ^ oo in Q 
uniformly for s G K . 

Proof. By [9l Theorem 3.1.7], since f2 is a Tychonoff space, for a compact subset 
K C VL, there is fx G Cq{VL) such that < < 1, /a'(s) = 1 for all s e K. Note 
that //^p G A. 

By Proposition 14. 2^ the function Fpi^f^^ p-^{s,t) — )■ as t — )■ oo in f2 uniformly for 
s G f2. Thus the function $(s,t) = Fp(^fj^p){s^t) oYiKxVtdVLxVt tends to as 
t — > oo in r2 uniformly for s & K. □ 

By Proposition 14.21 s) > 1 for every s eVL. For G x f2, we also set 

G(s, t) = min{$(s, t); 1} min{<l>(t, s); 1}. 

By Lemmas I4.13[ l4?T4l and H.15[ the function G{s,t) has the following properties: 
(i) G is a positive continuous function on f2 x f2; 
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(ii) for any compact K C ^2, G{s,t) — )■ as t — >■ oo uniformly for s & K and 
G(s, t) — 7- as s — 7- oo uniformly for t E K, 

(iii) = 1. 

By [121 Theorem A. 12, Appendix A], Q is paracompact. □ 

Proposition 4.16. Let Q be a locally compact Hausdorff space, and letU = {Q, At, 0} 
be either 

(a) a disjoint union of a -locally trivial continuous fields hl\w^, ^ G M., of Banach 
algebras; or 

(b) a locally trivial continuous field of Banach algebras such that there is a con- 
tinuous field p G 6^ with p{t) ^ for all t E Q and sup^g^ Ibl-^)!! < oo. 

Suppose Q is not paracompact. Then, for the Banach algebra A defined by U, 

(i) there exists a Banach A-bimodule X such that 'h?{A,X) ^ {0}; and 

(ii) there exists a strongly unsplittable singular extension of the Banach algebra A. 

Proof. By Theorem 14.71 in case (a) and by Theorem 14.121 in case (b), A is not left 
(right) projective. By [121 Proposition IV.2.10(I)], a Banach algebra A is left pro- 
jective if and only if T-C^iyA^X) = {0} for any right annihilator Banach ^-bimodule 
X. By [15] or [HI Theorem I.l.lO], for a Banach Abimodule X, 'H^{A,X) = {0} 
if and only if all the singular extensions of .4. by X split strongly. □ 

Corollary 4.17. Let Q be a locally compact Hausdorff space, letU = {Q, At, 6} be a 
locally trivial continuous field of Banach algebras such that every At has an identity 
CAt, t E Q, and sup^g^ W^AtW < C for some constant C > 1, and let the Banach 
algebra A be defined by U. Suppose A is left projective. Then Vt is paracompact. 

Proof. Consider a field p G Htef^ ?>nch. that p{t) = ca^ By assumption, W = 
{Q, At, 0} is a locally trivial continuous field of Banach algebras. Thus, for ev- 
ery t G f2, there exist a neighbourhood Ut of t and p' G such that p{s) = p'{s) for 
each s G Ut. By Property (iv) of Definition 12. H the field p is continuous and p G 6. 
Since A is left projective, by Theorem 14.121 Q is paracompact. □ 

For any index set A, we shall mean by A^(A) the set of finite subsets of A ordered 
by inclusion. 

Proposition 4.18. Let Q be a locally compact Hausdorff space, letU = {Q,At,Q} 
be a locally trivial continuous field of Banach algebras such that every At has an 
identity CAt o-nd sup^g^^ l|eAt|| < C for some constant C , and let the Banach algebra 
A be defined by U. Suppose Vt is paracompact. Then A is left projective. 

Proof. By [Til Lemma 2.1], for any paracompact locally compact space VL there 
exists an open cover {f/^}^gA by relatively compact sets such that each point in 
VL has a neighbourhood which intersects no more than three sets in {U^}^^\. By 
assumption, VL is paracompact and so, by [9l Theorem 5.1.5], f2 is normal. By [T71 
Problem 5.W], since {f/^}^gA is a locally finite open cover of the normal space VL, 
it is possible to select a non-negative continuous function for each [/^ in U such 
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that is outside t/^ and is everywhere less than or equal to one, and 

= 1 for all s G 



In Corollary 14.171 we showed that a field p G Ylten such that p{t) = CAt is 
continuous and p E Q. Note that sup^gQ < C. By [lOl Proposition 10.1.9 

(ii)], for every fi, g^p G 9. Since g^{t) — )■ as t — oo, we have g^p G A. 
For a e A and A G A^(A), define 

As in [11] we shall show that, for any a G A, the net Ua,x converges in A® A. Note 
that any compact K G Q intersects only a finite number of sets in the locally finite 
covering {U^}^^a and, for any a E A, — t- as t — )■ oo. Let e > 0. There is a 
finite set A G A^(A) such that for /i ^ A we have ||a^fi'^p ||_^ < 
For A ^ A', A" we have 

ll^^a.A" — Ua^X'llA^A ~ ll^a,A"\A + ""a, A — '"a,A'\A " '"a,A|U§^ 
< ||^^a,A"\A|Ug^ + ||^^a,A'\A|Ug^- 

By [H Theorem II. 2.44], for any A = {/xi, . . . , /x^}. 



l^a,AlU®^ 



^ ® ^p 



< 



mga 



m 

-E 



m 



1=1 



p=i 



X 



9=1 j = l 



where ^ is a primary m-th root of 1 in C. 

For any s G fi, there are no more than 3 nonzero terms in the equality Xl^ieA 
1. Therefore we have 



p=i 



sup 

sen 



p=i 



< 3 max U- 



Hence 



^^a,A"\AlU§^ ^ 9max||a^||^max||^|>||^ < -. 



Let us define p : A ^ A^A by setting, for every a G A, 

p{a) = limUa^A- 

A 

Thus, in view of the completeness of A^A, the map p is well defined and it is clear 
from the definition that p is a morphism of left Banach ^-modules with ||p|| < 9C. 
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For every a & A, 

(7r^op)(a) = \im^ ag^p 

= lim ^ ag^ = a. 

Thus TT^ o p = id^. Therefore A is left projective. □ 

Theorem 4.19. Let Q be a Hausdorff locally compact space, letU = {Q, At, 0} be a 
locally trivial continuous field of Banach algebras such that every At has an identity 
CAt, t G Q, and sup^g^^ ||eAt|| < C for some constant C, and let the Banach algebra 
A be defined byU. Then the following conditions are equivalent: 

(i) VL is paracompact; 

(ii) A is left projective; 

(iii) A is left projective and U is a disjoint union of a-locally trivial continuous 
fields of Banach algebras; 

(iv) T-C^i^A^X) = {0} for any right annihilator Banach A-bimodule X. 

Proof. By Proposition I4.18( the fact that Q is paracompact imphes left projectivity 
of A. Thus (i) =^ (ii). By Corollary 14.171 the left projectivity of A implies that Q 
is paracompact. Hence (ii) =^ (i). 

By Remark 14.61 if Q is paracompact, then W is a disjoint union of a-locally triv- 
ial continuous fields of Banach algebras. By Theorem 14. 7[ conditions (iii) implies 
paracompactness of Q. Thus (i) <^=^ (iii). 

By [HI Proposition IV.2.10(I)], A is left projective if and only if 'H'^{A, X) = {0} 
for any right annihilator Banach ^-bimodule X and so (ii) -^^^ (iv). □ 

5. BiPROJECTIVITY OF BANACH ALGEBRAS OF CONTINUOUS FIELDS 

Let {Ax)xi=A be a family of C*-algebras. Let A be the set of 

AeA 

such that, for every e > 0, \\xx\\ < e except for finitely many A. Let = 
suPaga II^aII; then A with || ■ || is a C*-algebra and is called the direct sum or the 
bounded product of the C*-algebras {Ax)xeA- 

Recall Selivanov's result [25] that any biprojective C*-algebra is the direct sum 
of C*-algebras of the type M„(C). Another proof of this result is given in [20l 
Theorem 5.4]. Therefore one can see that biprojective C*-algebras can be described 
as C*-algebras A defined by a continuous field U = {A, A^, YlxeA where A has 
the discrete topology and the C*-algebras A^, x G A, are of the type M„(C). 

Theorem 5.1. Let Q be a Hausdorff locally compact space, let U = {Q,Ax,Q} be 
a locally trivial continuous field of Banach algebras, and let the Banach algebra A 
be defined by U. Suppose that A is biprojective. Then (i) the Banach algebras Ax, 
x G f2, are uniformly biprojective and (ii) VL is discrete. 
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Proof, (i) By Proposition 13.61 the Banach algebras A^, x & Q, are uniformly bipro- 
jective. 

(ii) Since A is biprojective, there exists a morphism of Banach ^-bimodules p : 
A —7- A^A such that tia° P = ^^A- 

By [iTi Theorem 5.17], a Hausdorff locally compact space is regular. Therefore, 
since U is locally trivial on Q, there is an open cover {?7^}, /i G A^, of fl such that 
each U\u^ is trivial and, in addition, there is an open cover {Va} of Q such that 
Va C f//i(a) for each u and some G A^. 

Let us show that, for every a, Va is discrete. By Lemma [3l8l there are continuous 
vector fields x and y on t/^(a) such that p{t) = x{t)y{t) ^ for every t G t/^(Q,). 
By O Theorem 3.3.1], f2 is a Tychonoff space and so, for every s G Vq,, there is 
/, G Co(fi) such that < /, < 1, = 1 and /,(t) = for alH G 1^ \ Note 
that /sj9 G For every s G Vq, and t G fi, we set 

where the function F is defined in Proposition 14. 2[ By Proposition 14. 2^ s) > 1 
for every s G Vq. 

As in Lemmas 14.91 and 14. lU^ the function is a positive continuous function 

on X f2 and does not depend on the choice of fs- 

Further, for every s, t G Vq, such that s 7^ t, there is (7 G Co(f2) such that < (7 < 1, 
(^(s) = 1 and gii) = 0. Since p is a morphism of Banach ^-bimodules, we have 

Hs,t) =F,^,f^p){s,t)/\\p{s)\\ 

= \\iTs^Tt)p{fs xg 

= \\{Ts ® Tt)p{fs X g y)\\A.,^AjMs)\\ 

= Uts ® x)g{t) ymA.^jwpm = 0. 

Therefore, = for every s,t E Va such that s t, and $(s, s) > 1 for every 

s G Va- Because is a positive continuous function on x Va, this implies 

that Va is discrete. 

Recall that fl = [j^ Va where, for each a, Va is an open subset of fl. Thus fl is 
discrete too. □ 

A Banach algebra A is said to be contractible if A+ is projective in the category 
of ^-bimodules. A Banach algebra A is contractible if and only if A is biprojective 
and has an identity [T2l Def. IV. 5. 8]. 

Theorem 5.2. Let Q be a Hausdorff' locally compact space, let U = {Q, A^, 0} be a 

locally trivial continuous field of Banach algebras, and let the Banach algebra A be 
defined byU. Then the following conditions are equivalent: 

(i) A is contractible; 

(ii) Vl is finite and discrete, and the Banach algebras A^, x eVL, are contractible; 

(iii) 'H"(^, X) = {0} for any Banach A-bimodule X and all n > 1. 

Proof. A finite direct sum of contractible Banach algebras is contractible and so 
(ii) =^ (i). By Theorem 15.11 if A is contractible then the Banach algebras A^, 
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X G fi, are uniformly biprojective and Q is discrete. Since A has an identity e and 
so ||e(t)|| > 1, for all t G fi, we have that Q is compact. Thus (i) =^ (ii). 

By [HI Proposition IV.5.8], A is contractible if and only if 'H"(^,X) = {0} for 
all Banach ^-bimodule X and all n > 1, and so (i) (iii). □ 

In [211 Examples 4.4 and 4.5] there are descriptions of some biprojective Banach 
algebras A with very simple morphisms of ^-bimodules p : A ^ A^A. We will 
use these algebras to constract examples of biprojective Banach algebras defined by 
continuous fields of Banach algebras over a discrete topological space. 

Example 5.3. Let Q he a topological space with the discrete topology. For every 
t G fi, let Et be an arbitrary Banach space of dimension dimEf > 1. Take a 
continuous linear functional ft G E^, \\ft\\ = 1 and define on Et the structure of 
a Banach algebra Af^{Et) with multiplication given by ab = ft{ci)b, a,b E Af^{Et). 
Choose et G Et such that ft{et) = 1 and \\et\\ < 2. Then et is a left identity of 
Af^{Et). Consider the operator pt : Af^{Et) — j- Af^{Et)'S>Af^{Et) defined a i-> ® a. 
It is easy to check that pt is an Af^{Et)-himodule morphism, ||p(|| < ||e(|| < 2 and 
T^Af^(Et) ° Pt = ^(^Af^{Et)y and SO Af^{Et) is a biprojective Banach algebra. 

Consider the continuous field of Banach algebras U = {Q, At, 6} where At is the 
Banach algebra Af^{Et) with ft G E^, \\ft\\ = 1. Let gt be a continuous function on 
Q such that gt{t) = 1 and gt{s) = for all s t. Since Q has the discrete topology, 
by Example 12.51 6 = H^gf^Aj, and so the field etgt such that {etgt){s) = for all 
s 7^ t and {etgt)(t) = et belongs to the Banach algebra A defined by U. Let N{fl) be 
the set of finite subsets of Q ordered by inclusion. For a E A and A G N{Q), define 

Ua,x = ^ etgt ® gta. 

By assumption, sup^g^^ ||ef|| < 2. As in Proposition 14.181 one can show that, for any 
a E A, the net Ua^x converges in A^A. Let us define p : A ^ A^A by setting, for 
every a E A, 

p{a) = lim ^ gtet ® gta. 
tex 

It is easy to check that p is a morphism of Banach ^-bimodules and ||p|| < 2. For 
every a E A, 

(vr^ o p) (a) = lim ^ etgta = lim ^ agt = a. 

tex tex 
Thus 7^A° P = idyl. Therefore A is biprojective. 

By [HI Theorem V.2.28], since A is biprojective, ?/"(^,X) = {0} for all Banach 
^-bimodule X and all n > 3. By [221 Theorem 6], since A is biprojective and 
has a left bounded approximate identity, 'H"'{A, X*) = {0} for all dual Banach 
^-bimodule X* and all n>2. 

Example 5.4. Let Q he a. topological space with the discrete topology. For every 
t E fl, let {Et, Et, {■, ■)t) he a pair of Banach spaces with a non-degenerate continuous 
bilinear form {x,y)t, x G Et, y G Et, with < 1. The tensor algebra Et®Et 
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generated by the duality (■, ■)t can be constracted on the Banach space Et<S)Ft where 
the multiphcation is defined by the formula 

{xi ® yi){x2 ® ^2) = {x2, yi)txi ® 2/2, Xi e Et, y-, E Ff 

Choose G Et,yf G Ft such that {x^,yt)t = 1, \\y?\\ = 1 and < 2. 

Consider the operator pt : Et®Ft — )■ {Et®Ft)®{Et®Ft) defined x®y ^ {x®y^) ® 
(x° ® y), X G Eti y G Ft. It is easy to check that pt is an E'j^Ft-bimodule morphism, 
< 2 and t^eSfi ° Pt = id^^g^^^, and so Et®Ft is a biprojective Banach algebra. 

Consider the continuous field of Banach algebras U = {Q, At, 0} where At is the 
Banach algebra Et®Ft with ||(-, < 1. Let A be the Banach algebra defined by 
U. Let gt be a continuous function on f2 such that gt{t) = 1 and gt{s) = for all 

Sy^t. 

Since f2 has the discrete topology, by Example 12 .5^ 9 = Ylten every 
t G and every xt®ytE Et®Ft, the field gtXt ® yt, such that {gtXt ® = for 

all s 7^ t and {gtXt ® yt)it) = Xt ® yt belongs to A. Let NiVL) be the set of finite 
subsets of ordered by inclusion. For every t G f2, choose Xt E Et,yt E Ft such that 
{xly^)t = 1, \M = 1 and \\x^^\\ < 2. For a = {x{t) ® y{t)}ten G A and A G A^(fi), 
define 

^^a,A = J2^9tx{t) ® yO) ® {gtx°t ® 

As in Proposition I4.18[ one can show that, for any a E A, the net Ua,A converges in 
Ai^iA. Let us define p : A ^ A^A by setting, for every a E A, 

p{a) = limY,i9txit) ® yt) ® {gtx^t ® 

It is easy to check that p is a morphism of Banach ^-bimodules and ||p|| < 2. For 
every a E A, 

(7r^op)(a) =lim^(?t(x(t) = lim {x{t) ^ y{t)) = a. 

teA te\ 

Thus vr_4 o p = id^. Therefore A is biprojective. 

By [121 Theorem V.2.28], since A is biprojective, ?{"(^,X) = {0} for all Banach 
^-bimodule X and all n > 3. 

6. Left projectivity of C*-algebras of some continuous fields 

In [IS] we proved that every separable C*-algebra A and every closed left ideal of 
A are left projective. It is well-known that if A is separable, then A has a strictly 
positive element [1]. Indeed, if {?/„} is dense in A, then {x„ = yi^i/n} is dense in 
A'^ = {xG^:x>0}. Clearly x = J2'^=i 2nj]^ | is strictly positive in A. By [H 
Theorem 1], a C*-algebra A contains a strictly positive element if and only if A 
has a countable increasing abelian approximate identity Cj, i = 1,2,..., bounded 
by one. By [2T1 Theorem 2.5] or [T9| Theorem 1], a C*-algebra A with a countable 
increasing abelian approximate identity is left and right projective. For C*-algebras 
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A, the relations between the separabihty, the existense of a strictly positive element 
in A and the left projectivity of A can be summarised thus: 

{A is separable} C {A has a strictly positive element } C {A is left projective}. 

For commutative C*-algebras A, that is, A = Co(^) where the spectrum ^ is a 
Hausdorff locally compact space, we have the following relations 



(6.1^ 



A is separable 

t 
^is 

metrizable and has 
a countable base 



A has a strictly 
positive element 

t 



A is cr-compact 



A is left projective 
t 

A is paracompact. 



Remark 6.1. (i) A Hausdorff locally compact space Q may be cr-compact without 
having a countable base for its topology, so ^ = Co(fi) may have a strictly positive 
element without being separable. 

(ii) There are paracompact spaces which are not cr-compact. For example, any 
metrizable space is paracompact, but is not always cr-compact. The simple example 
A = Co(R) where R is endowed with the discrete topology is a left projective 
C*-algebra without strictly positive elements. 

We will prove in Theorem 16 . 2 1 1 hat . for a commutative C*-algebra A for which A 
has countable Suslin number, the condition of left projectivity is equivalent to the 
existence of a strictly positive element, but not to the separability of A; see Example 
16:61 

In this section we also show that the class of left projective C*-algebras includes 
noncommutative C*-algebras defined by some continuous fields (Theorem I6.12p . 

The smallest cardinal number m > Kg such that every family of non-empty open, 
pairwise disjoint subsets of a topological space Q has cardinality < m is called the 
Suslin number of Q and it is denoted by c(f2). The topological space Q satisfies the 
Suslin condition if c{Q) = Kq- A topological space fl is called a Lindelbf space if 
each open cover of VL has a countable subcover. 

Theorem 6.2. Let A he a commutative C* -algebra, so that A = Co{A), and let A 
satisfy the Suslin condition. Then the following are equivalent: 

(i) A is projective in ^-mod; 

(ii) the spectrum A of A is paracompact; 

(iii) A contains a strictly positive element; 

(iv) the spectrum A is a-compact; 

(v) A is a Lindelbf space; 

(vi) A has a sequential approximate identity bounded by one; 
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(vii) 'H'^{A,X) = {0} for any right annihilator Banach A-himodule X. 

Proof. If the Suslin number of the topological space f2 is then, by [H Theorems 
5.1.2, 5.1.25 and Exercise 3.8.C(b)], VL is paracompact if and only if VL is a-compact 
if and only if 1] is a Lindelof space. Thus (ii) <^=^ (iv) <^==^ (v). By [1], Cq{VL) 
contains a strictly positive element if and only if VL is a-compact and so (iii) <^=^ 
(iv). By [m Theorem 4], a commutative C*-algebra A is projective in ^-mod if and 
only if its spectrum A is paracompact. Hence (i) <^=^ (ii). By [H Proposition 12.7 
and Lemma 12.9], (iii) <^==^ (vi). By [121 Proposition IV. 2. 10(1)], A is left projective 
if and only if 'H^(^, X) = {0} for any right annihilator Banach ^-bimodule X, and 
so (i) <^=^ (vii). □ 

Lemma 6.3. [201 Lemma 4.5] Let A he a commutative C* -algebra contained in 
B{H), where H is a separable Hilbert space. Then the spectrum A of A satisfies the 
Suslin condition. 

Corollary 6.4. Let A be a commutative C*-algebra contained in B{H), where H is 
a separable Hilbert space. Then the conditions (i), (ii), (iii), (iv), (v), (vi) and (vii) 
of Theorem 16.21 are equivalent. 

Proof. It follows from Theorem 16.21 and Lemma 16. 3[ □ 

Lemma 6.5. [201 Lemma 4.2] Let Q be a separable Hausdorff locally compact space. 
Then the C*-algebra Co{VL) is contained in B{H) for some separable Hilbert space 
H. 

A Hausdorff topological space X is hereditarily paracompact if each of its sub- 
spaces is paracompact. By Stone's theorem, every metrizable topological space is 
paracompact [HI 5.1.3], and so is hereditarily paracompact. 

Example 6.6. There exists a nonseparable, hereditarily projective, commutative 
C* -algebra A contained in B{H), where H is a separable Hilbert space. 

Proof. Let be a compact Hausdorff space. Recall that the commutative C*-algebra 
C{Q) is separable if and only if Q is metrizable. By [TH Theorem 5] a commutative 
C*-algebra C{Q) is hereditarily projective if and only if its spectrum Q is heredi- 
tarily paracompact. Therefore, by Lemma 16.51 it is enough to present a compact 
Hausdorff compact space Q which is separable and hereditarily paracompact, but 
not metrizable. The topological space "two arrows of Alexandrov" satisfies these 
conditions. To describe the space, consider two intervals X = [0, 1) and X' = (0, 1] 
situated one above the other. Let X = X U X'. A base for the topology of X 
consists of all sets of the forms 

U = [a, (3) U (a, /?') and V = (a, (3) U (a', /?'], 

where [a, (3) C X, while (a', /?') is the projection of [a, (3) on X'; and (a', [3'] C X', 
while (a, (3) is the projection of (a', /?'] on X. There is a description of properties of 
the topological space X in [21 3.2.87]. □ 
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Remark 6.7. Let be a-compact, and let A contain a strictly positive element. 
Then Cq{Q,A) contains a strictly positive element. Let h he a strictly positive 
element in A and / be a strictly positive element in Co{Q). Then the element 
a G Co{Q,A) such that a(t) = f(t)h, t G fi, is strictly positive. 

Lemma 6.8. Let Q be a Hausdorff locally compact space, and let A he a Banach 
algebra with a hounded (say by C > 1) approximate identity e„, n = 1, 2, . . . . Then, 
for every a G Co{fl,A), \\a — aen\\co{n,A) as n oo. 

Proof. Let e > 0. Since a G Co{Q,A), there is a compact subset K G Q such that 
\\a{t) — a(t)e„|| < e for all t E Q\K and all n. 

The element a is continuous on Q and so, for each t E K, there is a neighbourhood 
Ut of t such that ||a(s) — a{t)\\ < for all s G Ut- The subset i^' is compact, and 
therefore one can find a finite family Ut^, i = 1, . . . ,m, such that K C IJi^i ^u- 

By assumption, e^, n = 1, 2, . . . is a bounded approximate identity of A. Thus, 
for every ti, i = 1, . . . ,m, there is A^j G N such that — a(ti)e„m < e/3 for all 

n > Ni. Take N = max{A^i, . . . , N^}- Then, for every s E K, s belongs to one of 
Utf,. Hence, for all n> N, 

\\a{s) - a(s)e„|U < his) - a(tfc)IU + ll«(^fc) - a(tfc)en|U 

+ \\{a{tk) - a(s))e„|U 
e e ^ e 

Thus \\a - aen\\co{n,A) = ^^Psen hi^) ~ «('5)en|U as ri oo. □ 

Recall that, by [U Theorem 1], a C*-algebra A contains a strictly positive element 
if and only if A has a countable increasing abelian approximate identity bounded by 
one. Such C*-algebras are called a-unital. By |8l Proposition 12.7] any C*-algebra 
with a countable left approximate identity contains a strictly positive element. It 
follows that the following theorem is contained in [191 Proof of Theorem 1] . We will 
need the inequalities from Theorem 16.91 below. 

Theorem 6.9. Let A be a C*-algebra with a countable left approximate identity. 
Then 

(i) there is a countable increasing approximate identity Un, n = 0, . . . , (uq = 0) 
bounded by one such that, for any a G A, any sequence {rii)i>i C C with |?7j| = 1 
and any integers n, m such that m > n > 0, 



(6.2) 



i=n+l 



<4, 

A 



(6.3) 



=n+l 



<4||a|U 



A 
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and 

2 



i=n+l 



< 10 max ||a?^i - a|U||a|U + -r^||a||5i; 



(6.4) 

(ii) t/ie maj) 

oo 

fc=i 

is a morphism of left Banach A-modules such that txa° P = id^ Q^*^ IIpII ^ 16, and 
therefore A is left projective. 

Proposition 6.10. Let fl be a Hausdorff locally compact space, and let A he a C*- 

algebra which contains a strictly positive element. Suppose that Vt is paracompact. 
Then CQiVt.A) is left projective. 

Proof. By [Til Lemma 2.1], for any paracompact locally compact space Vt there 
exists an open cover U by relatively compact sets such that each point in Vt has 
a neighbourhood which intersects no more than three sets in U. By [T71 Problem 
5.W], since lA = {f/^}^eA is a locally finite open cover of the normal space Q, it is 
possible to select a non-negative continuous function for each [/^ in U such that 
g^ is outside f/^ and is everywhere less than or equal to one, and 

^^5f^(s) = 1 for all s G fl. 

By assumption A has a strictly positive element and so has a countable increasing 
approximate identity bounded by one. By Theorem 16. 9[ there is a countable in- 
creasing approximate identity Un, n = 0, . . . , bounded by one in A which satisfies 
inequalities ([621), O and Of . 

For a G Co{^l,A), n G N and A G iV(A), define 

n 

Ua,X,n = X] 0,y/g^ y/Uk - ® y/g^ y/Uk - Uk-l- 

/x6A k=l 

In Lemma [6]T4] below we will prove in a more general case that, for any a G Co{Q, A), 
the net Ua^n converges in Co{Q, A)^Co{Q, A). Let us define p : Co{fl,A) — t- 
Co{Q,A)^Co{Q,A) by setting, for every a G Co{^l,A), 

p{a) = lim lim Ua,x,n- 

A n— ^oo 
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Thus, in view of the completeness of Cq{^, A)0Cq{^, A), the map p is well defined 
and it is clear from the definition that p is a morphism of left Banach Co{Q,A)- 
modules and ||p|| < 9 x 16. By Lemma [6. 8[ for every a G Co{Q,A), 



i'^Coin.A) o p)(a) = lim lim ag^ [uk - Uk^i) 

v/iSA fc=l 



lim y lim agn Un 

A — ' n—^oo 



/iSA 



lim ag^ 



^eA 



Thus 'KcaiviA) ° P = idco(n,^)- Therefore Co{Q,A) is left projective. 

Furthermore we will need [121 Theorem II. 2. 44] in a more general form. 



□ 



Lemma 6.11. Let E,F be Banach spaces. Suppose an element u G E®F can he 
presented as 

m n 
1=1 k=l 

^ is a primary m-th root of 1 and rj is a primary n-th root of 1 in C Then 



\u\\ < 



^ m n 

—EE 

1=1 k=l 



EE^v^<* 



t=l i=l 



s=l j=l 



Proof. We consider the following element v in E®F 



^ m n / m n 



l=\ k=l \t=l i=l 

By the definition of the norm in E®F, 



=1 i=i 



\v\\ < 



^ m n 

—EE 

mn ^-^ ^-^ 



1=1 k=l 



EEs"" 

t=l i=l 



ki ^it 



EEr'-T''!/. 

s=l j=l 



Note that 



and 



1=1 



7., = E^V'^' = E^'^'"'^=^^i 



k=l 



k=l 
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m n / m n 

i ' 

V 



where 5* is the Kronecker symbol. Therefore, we have 

n 

1 / Vs=l j=l 

m ^-^ n 

t,s=l i,j=^ 
m n 

1=1 k=l 

□ 

Theorem 6.12. Let Q be a Hausdorff locally compact space, let U = {Q,Ax,Q} 
be a locally trivial continuous field of C* -algebras where each contains a strictly 
positive element, let £ G N, and let the C* -algebra A be defined by U. Suppose Q is 
paracompact and one of the following conditions is satisfied: 

(i) the topological dimension dim Q of Q is finite and no greater than i, or 

(ii) U is i-locally trivial. 
Then A is left projective. 

Proof, (i) By assumption, U is locally trivial and so, for each s G fi, there is an open 
neighbourhood Us of s such that U\us is trivial. Since Q is paracompact, the open 
cover {Us}sen of Q has an open locally finite refinement {VF;/} that is also a cover 
ofQ. 

By [9], Theorem 5.1.5], paracompactness of Q implies that f2 is a normal topological 
space. By [9l Theorem 7.2.4], for the normal space Q, the topological dimension 
dimf2 < i implies that the locally finite open cover {VFj/} of Q possesses an open 
locally finite refinement {V^j^gA of order i that is also a cover of ^2. 

Let 0^ = {(j)i^)x£v be an isomorphism of W|y onto the trivial continuous field of 
C*-algebras over where, for each x G fi, 0^ is an isomorphism of C*-algebras 
Ax — Afj^. 

By assumption has a strictly positive element and so has a countable increas- 
ing approximate identity bounded by one. By Theorem 16.91 there is a countable 
increasing approximate identity u!^, n = 0, . . . , in A^ bounded by one which satisfies 
inequalities (Q, (O and M . 

By [IZl Problem 5.W], since {V^j^gA is a locally finite open cover of the normal 
space fl, it is possible to select a non-negative continuous function for each in 
{V^l^eA such that is outside and is everywhere less than or equal to one, 
and 

E •^^(■5) = 1 for all s eQ. 

Note that in the equality Xl/^eA ~ s G fi, there are no more than i 

nonzero terms. 
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Lemma 6.13. For any a & A and for any X = {/ii, . . . , /iTv}, 

N n 



(6.5) 

and 
(6.6) 



p=l i=\ ^ 



< 4£ max 

l<p<Af 



-4 



TV n 
9=1 j = l 



< 



.A 



where ^ is a primary N-th root of 1 and t] is a primary n-th root of 1 in C, and 

N m 



(6.7) 



p=l i=n+l 



(6.8) <£ max/ 10 max 0''^(a^//^J<'' - 0'^''(a. //^J 



(6.9) 



l<p<N \ n<i<m 

, 2 \ 1/2 



A 



22' 



n-1 



where C, is a primary N-th root of 1 and t] is a primary [m — n)-th root of 1 in C 

Proof. For any s G there are no more than i nonzero terms in the equahty 
Zl^tGA ff^i^) = 1- By Theorem [631 for every /i, 



i=l 



< 4. 



Hence we have 

N h 



p=l i=l 



A 



sup 

sen 



N 



p=l 



j=l 



U, — U 



i-1 



< £ max 

l<p<Af 



< M max 

l<p<Af 



«=1 



u 



u ■ — u. 



i-1 



A 



Thus the inequahties (16. 5p and (16. 6 p hold. 



By Theorem 16. 9[ for every /i, every 7^ G C with |7j| = 1, i G N, and every 6 G A^, 

2 

E ^^^^ 



i=n+l 



1 



<10 max^||K-&IUJI&IU, + ,2n-ii-n^„ 



n<i<m 
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Therefore we have 

N m 



p=l i=n+l ^ 



A 



sup 

sen 



N m 



p=l i=n+l 



j-1 



< £ max 

l<p<7V 



i=n+l ^ ^ 



y4 



max sup 



i=n+l 



i-1 



<£ max (10 max llr^iaJf^^X^-r^iaJf^^) 

1<P<N \ n<i<m \\ V V 



C'oiV^p ,AiJ.p) 



A 



+ 



1/2 



□ 



For a E A, n E ISi and A G A^(A), define an element Ua.\,n in -4. 

n 

fiex k=i 

Define A^(A) x N as a directed set with (A', n) ^ (A", m) if and only if A' C A" and 
n < m. 

Lemma 6.14. For any a E A, the net UaXn converges in A®A. 

Proof. Note that any compact K (Z VL intersects only a finite number of sets in the 
locally finite covering {V^} and, for any a E A, — >■ as t ^ oo. Let £ > 0. 
There is a finite set A G A^(A) such that for /i ^ A we have 

e 

A ^ 48£2- 

For A ^ A', A" and m > n, we have 

||^a,A",m ~ ^a,A',n||^§^ = ||^a,A"\A,m + Ua^X.m ~ ^a,A'\A,n ~ ''^a.Ajn || ^gy^ 

^ ||'Wa,A"\A,m||yl§^ + || Wa,A'\A,n || + ||Wa,A,m ~ Ua,X^n\\ A§,A- 
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< 



i=\ k=i p=i 1=1 ^ 



k "fc-l 



X 



9=1 i=i 



where ^ is a primary m-th root of 1 and ?7 is a primary n-th root of 1 in C. By 
inequalities ( 16. 5 p and (16. 6p from Lemma I6.13[ 



and 



ka,A"\A,mlUg^ < (4£)^ max 



\ua,\'\\n\\A^A < (4^)^ max 

AJ0A 



< - 



^ - 3 



By inequality (16. 7p from Lemma [6.131 for A = {/xi, . . . , /xat}, 

||^a,A,m '^a,A,n II _4(§)^ 



< max ( 10 max 



+ 



l<p<N y n<i<m 
^ , 2 \ 1/2 



A 



22n-l 



By Lemma [6. 8[ for every /i, 



CoiVpAi^) 



— )■ as i — )■ oo. 



Hence 

||Ma,A,m - Ma,A,n|Ug^ -> aS n, m OO. 

Thus, in view of the completeness of A® A, for any a G A, the net Ua,x,n converges 
in A^A. □ 

Now let us complete the proof of Theorem 16.121 Let us define p : A ^ A^A by 
setting, for every a & A, 



p{a) = hmjim EE«V^ (^^ " ® ( 



^/^eA fc=i 



By Lemma 16.141 for any a ^ A, the net Ua,x,n converges in A^A. It is easy to 
see that the map p is well defined, p is a morphism of left Banach ^-modules and 
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IIpII ^ (4£)^. By Lemma [6.8[ for every a & A, 

i^A o p)(a) = lim lim f ^ af, (0^)"^ « " ) 

\n€X k=l / 

= lim V lim af^irrHO 
= lim ^ af^ = a. 

Thus vr^ o p = id^. 

(ii) By Definition 14.3^ there is an open cover {PFq}, a G Ai, oi Q such that 
each U\wa is trivial and, in addition, there is an open cover {Bj} of cardinality 
i of fl such that Bj C Wa(j) for each j = and some a{j) E Ai. By 

[TT| Lemma 2.1], for any paracompact locally compact space Q there exists an 
open cover U = {Ui,} of relatively compact sets such that each point in Q has a 
neighbourhood which intersects no more than three sets in U. Consider an open 
cover {Bj n 11^ & U , j = 1, ...,£} of Q. Denote this cover by {V^}. It is easy to 
see that {V^} is an open locally finite cover of Q of order 3i. The rest of the proof 
of Part (ii) is similar to Part (i). □ 

Theorem 6.15. Let Q be a Hausdorff locally compact space with the topological 
dimension dimf2 < i, for some i E N, let U = {Q,Arc,Q} be a locally trivial 
continuous field of C* -algebras with strictly positive elements, and let the C* -algebra 
A be defined byU. Then the following conditions (i) and (ii) are equivalent: 

(i) Vt is paracompact; 

(ii) A is left projective andU is a disjoint union of a -locally trivial continuous fields 
of C* -algebras with strictly positive elements. 

Moreover (i) or (ii) implies 

(iii) 'h?{A^X) = {0} for any right annihilator Banach A-bimodule X. 

Proof. By Theorem 16. 12^ the fact that Q is paracompact with the topological di- 
mension dimfi < £ implies left projectivity of A. By Remark 14. 6^ since Q is para- 
compact, W is a disjoint union of a-locally trivial continuous fields of C*-algebras. 
By Theorem 14. 7[ conditions (ii) implies paracompactness of Q. Thus (i) -^^^ (ii). 

By [121 Proposition IV.2.10(1)], A is left projective if and only if n^^A, X) = {0} 
for any right annihilator Banach ^-bimodule X and so (ii) =^ (iii). □ 
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